
Math 17 Fall 2016 Serin Hong

WEEK 10: GRAPH THEORY

Example 1. A triangulation T of a triangle P is a finite collection of triangles whose union is P , and such

that the intersection of any two triangles is either empty, or a shared vertex, or a shared side. Moreover,

each side is a side of exactly one triangle in T . Say that T is regular if the number of edges emerging from

each vertex is constant. Determine the maximum number of triangles in a regular triangulation of P .

Example 2. (2014 B3) Let A be an m × n matrix with rational entries. Suppose that there are at least

m + n distinct prime numbers among the absolute values of the entries of A. Show that the rank of A is at

least 2.

Example 3. Let k and n be positive integers with k ≤ n. A Latin rectangle is a k × n array filled with

integers 1, 2, · · · , n such that entries in each row and column are distinct. Prove that every k × n Latin

rectangle can be extended to an n× n Latin rectangle.

Example 4. (2012 B3) A round-robin tournament of 2n teams lasted for 2n− 1 days, as follows. On each

day, every team played one game against another team, with one team winning and one team losing in each

of the n games. Over the course of the tournament, each team played every other team exactly once. Can

one necessarily choose one winning team from each day without choosing any team more than once?

Example 5. A permutation matrix is an n×n matrix which has exactly one entry of 1 in each row and each

column and 0’s elsewhere. Let A be an n× n matrix of nonnegative integers, in which each row and column

sum up to the positive integer m. Prove that A can be expressed as a sum of m permutation matrices.

Example 6. Let S = {1, 2, · · · , kn}, and suppose that A1, A2, · · · , An and B1, B2, · · · , Bn are both parti-

tions of S into n sets of size k. Prove that there exists a set T of size n such that |T ∩Ai| = 1 and |T ∩Bi| = 1

for all i = 1, 2, · · · , n.


